Abstract. Conductance of a quantum dot in the Coulomb blockade regime is discussed. At moderately low temperatures, the thermally-assisted transport of electrons through the dot gives way to elastic co-tunneling [1] . The amplitude of the elastic co-tunneling is sensitive to the specific structure of electron wave functions in a given sample. The conductance exhibits strong mesoscopic fluctuations [2] . Statistical properties of these fluctuations are reviewed in this lecture. At lower temperatures, conductance through a dot is altered by the Kondo effect, if the number of electrons on the dot is odd. We describe the universal features of the Kondo conductance [3, 4] , and briefly discuss the manifestations of this effect in the limiting cases of weak and strong [5] dot-lead coupling.
Introduction
The effect of charging on the electron transport was conjectured in order to interpret the early data [6, 7] on the in-plane hopping conductivity of granular films. There, the activation energy extracted from the temperature dependence of conductivity was associated with the charging of individual grains composing the film. A clear demonstration of the role of charging, however, appeared later in the experiments of Giaever and Zeller [8] and Lambe and Jaklevic [9] on "vertical" tunneling through a layer of grains.
In Ref. [8] tunneling through a layer of Sn particles coated by a thin insulator and sandwiched between two aluminum electrodes was studied. The authors [8] measured the I-V characteristics of the junction both with and without magnetic field applied. That allowed them to exclude superconductivity as a source of nonlinearity, and to associate the observed finite-bias offset in the I-V characteristics with the effect of charging. They have realized, that at low temperatures electrons must tunnel through a grain one by one. A single additional electron localized on the grain in the course of tunneling, raises the potential of the grain. This prevents other electrons from hopping onto the grain before that electron have finished its path between the leads, and the grain is discharged. Such a "blockade" is effective only at low temperatures, when the characteristic energy E C = e 2 /2C of a grain carrying one extra electron exceeds temperature, E C T (hereinafter C is the total capacitance of the grain, and temperature T is measured in energy units).
A comprehensive theory of the effect of charging on tunneling was developed in papers of Shekhter [10] and Kulik and Shekhter [11] . There the events of tunneling to and from the grains were considered as sequential processes. In addition, all the electron-electron interaction was replaced solely by the charging energy. In the course of electron tunneling through the grain, its charge is varied by ±e. In Ref. [11] rate equations controlling the probabilities of various discrete values of the grain charge were derived. These equations formed the basis for calculation of non-linear I-V characteristics. In the case of tunneling through a single grain, the I-V characteristic has a step-like structure with alternating intervals of low and high differential conductance, see Fig. 1a . Tunneling through many grains in parallel smears out the structure in the I-V characteristic. However, the average charging energy yields a characteristic offset of the high-voltage linear parts of the characteristic, see Fig. 1b .
Tunneling through a single grain may be studied, for instance, by means of the STM technique [12, 13] . At higher biases, V e/C 1,2 , many states differing by the value of charge become available for electron tunneling. This leads to a progressive smearing of the higher steps in the I-V curve, even in the absence of the electron heating effect. On the basis of the rate equations for a strongly asymmetric setup, R 2 R 1 in the inset in Fig. 1 , one can expect that about C 2 R 2 /(C 1 + C 2 )R 1 steps are resolved [14] .
The investigation of single electron tunneling through a metallic grain in a two-terminal device inevitably involves applying a relatively high bias eV ∼ e 2 /C to the device, and therefore may easily result in a significant departure of the system from the thermal equilibrium. A device with a third terminal, gate, is free from that drawback. The gate is coupled to the grain only capacitively, and it allows to vary the electrostatic potential on the grain without perturbing its equilibrium state. By tuning the gate voltage of such a three-terminal device, commonly re- ferred to as single electron transistor [15] , one controls the Coulomb blockade of tunneling, without varying the (small) bias applied to the leads. Experimental implementation of such a device was reported first by Fulton and Dolan [16] . In this experiment, a periodic modulation of the device resistance with the variation of the gate potential was demonstrated. At some special gate voltages the Coulomb blockade is lifted. Indeed, the two states of the grain with the charges eN = en and eN = e(n + 1), where n is integer, have the same electrostatic energy
if the dimensionless gate voltage N = C g V g /e is half-integer, i.e., Coulomb blockade is lifted at N = N * with N * ≡ n + . Here E C = e 2 /2C is the charging energy, C and C g are the total capacitance of the grain and its capacitance to the gate, respectively.
Electron transport through the grain is activationless at the degeneracy points N = N * . For the gate voltages around these points, and at temperatures T E C , the rate equations [11] yield [17] for the linear conductance
Here
resistance of the device, G 1 and G 2 being the conductances of the two tunnel junctions connecting the grain to the leads, see off exponentially with the decreasing temperature (Fig. 3) ; again, all the valleys behave exactly the same way.
The derivation of Eq. (2) disregards entirely the effects of coherent propagation of electrons across the grain, and effects of spectrum discreteness for electrons within the grain. This sets limitations for the application of the simple rate equations theory [17] . The coherence would result in weak-localization corrections to the conductance through a grain, even if one dispenses with the spectrum discreteness. Such corrections are small in the case of multi-channel junctions, no matter how big is the coherence length L φ (the number of channels in a junction can be estimated as its area in units λ 2 F set by the electron Fermi wavelength). The discreteness of electron spectrum destroys the strict periodicity of the G(N ) dependence. However, this discreteness is not important as long as the temperature exceeds the spacing δE between the quasiparticle energy levels in the dot. These two conditions are met usually in experiments with lithographically prepared metallic islands separated from leads by oxide tunnel barriers. Relatively large area of the barriers results in a large number of channels in the tunnel junctions; the Fermi wavelength λ F in a metal is much smaller than the linear size of a sub-micron grain, so the condition δE T is met even for the lowest attainable temperatures. An example of the G(N , T ) behavior well described by Eq. (2) can be found in the data of Ref. [18] for the high-resistance devices (sample 1 on Fig. 3 of Ref. [18] ). Deviations from the rate equation theory occur at smaller resistance of the junctions (R 1,2 ∼ h/e 2 ), when the treatment of the grain charge as a classical discrete quantity becomes inadequate (data for sample 3 in Ref. [18] ).
Single-electron tunneling through metallic nanoparticles and quantum dots formed in semiconductor nanostructures, however, demonstrates significant de- viations from the above-described behavior, even in the experiments with highresistance junctions. The reason is that the level spacing for these objects is considerably larger, and the condition δE > ∼ T is within the reach of an experiment. In addition, in semiconductor devices the number of channels in tunnel junctions connecting a quantum dot to the leads is small and controllable. Mesoscopic fluctuations of the valley conductance become stronger for smaller number of channels. We start the discussion of single-electron tunneling through quantum dots from the estimates of the relevant energy scales.
Energy Scales Involved in the Single-Electron Tunneling Effects
As it was discussed above, the Coulomb blockade of tunneling through a conducting grain becomes effective at temperatures T E C . In the Coulomb blockade regime, the linear conductance is finite only at the gate voltages allowing for degeneracy of the ground state with regard to addition of a single electron. The degeneracy condition, in a general form, depends not only on the charging energy, but also on the energy of spatial quantization of an electron confined to the dot. In a disordered grain, or irregularly-shaped quantum dot, we expect no geometrical symmetries, and thus assume the single-particle electron spectrum to be non-degenerate. The average level spacing in such a spectrum is defined by the density of states ν d in the material, and by the volume L d of the grain:
Here L is the characteristic linear size of the grain, and d is the dimensionality of the system (d = 2 for a quantum dot formed in a two-dimensional electron gas at the interface of a semiconductor heterostructure, and d = 3 for a metallic nanoparticle; d = 1 for a one-dimensional conductor, like a segment of carbon nanotube). For a mesoscopic (λ F L) conductor, the level spacing is small compared to the charging energy. Indeed, using the estimate E C ∼ e 2 /κL, we find:
where v F is the Fermi velocity, κ is the dielectric constant, and r s is the conventional gas parameter characterizing the electron-electron interaction in a non-ideal Fermi gas. Except an exotic case of an extremely weak interaction, having a large number of electrons in a quantum dot or grain, N e ∼ (L/λ F ) d 1, guarantees the smallness of the ratio δE/E C in dimensions d = 2 and 3. For the smallest quantum dots formed in a GaAs heterostructure, δE/E C ∼ 0.1; for a metallic nanoparticle with L 5nm this ratio is about 0.01, see, e.g., Refs. [19, 20] . We should mention also that in the d = 1 case, the estimate (4) is of little help, as even a weak electron-electron interaction results in a formation of a Luttinger liquid [21] , significantly affecting the nomenclature of the elementary excitations. In the case of a single-mode finite-length Luttinger liquid, the elementary excitations can be viewed as 1d plasmon waves in a confined geometry, so the corresponding level spacing is δE ∼ E C . Tunneling between the grain and leads results in broadening of the discrete levels. The characteristic width of the levels Γ can be related to the level spacing δE and to the high-temperature conductance of the junctions connecting grain to the leads. Indeed, consider a grain attached to one lead, and suddenly biased by voltage V , see Fig. 4 . Such a bias will force ∼ eV /δE occupied levels in the grain to cross the Fermi level. An electron escapes from an occupied level over time τ esc ∼h/Γ. In the absence of Coulomb blockade, the escapes from different levels are uncorrelated with each other, and the current of electrons leaving the grain right after the voltage pulse, is I ∼ (e/τ esc )(eV /δE) ∼ (e 2 /h)(Γ/δE)V . This estimate allows one to relate the ratio Γ/δE to the junction conductance defined as G = I/V . Proper accounting for the numerical factors yields the following relation between the partial width Γ i of the level and the linear conductance G i of the junction number i:
Note that for each particular level n in the dot, widths Γ i reflect the magnitudes of the electron eigenfunctions |ϕ n ( r i )| 2 in the vicinities of the respective junctions; . . . represents averaging over many discrete eigenstates in the grain. Welldeveloped Coulomb blockade occurs at small junction conductances, G i e 2 /h. Therefore, in the main part of this lecture we will assume the following hierarchy of the energy scales:
where Γ = i Γ i . We start with the description of a theory of an isolated quantum dot (Γ = 0).
The Constant Interaction Model and its Justification
A simple description of the confined electron system in a dot is possible if a number of conditions is met: (i) the electron-electron interaction within the dot should be not too strong, r s < ∼ 1, so that the Fermi liquid model is applicable; (ii) there should be no degeneracies in the spectrum of the confined quasiparticles with energies near the Fermi level (this is satisfied, in general, for a chaotic electron motion); (iii) the conductance within the dot should correspond to the metallic regime (i.e., the electron mean free path must exceed considerably the Fermi wave length).
The dimensionless conductance g of a dot is well-defined, if due to the disorder or irregular shape of the dot the motion of an electron within the dot is chaotic. In a dot of a linear size L the dimensionless conductance g is related to the Thouless energy [22] E T and level spacing [see Eq. (3)] as g ∼ E T /δE. Here the Thouless energy is
for the cases of elastic mean free path l shorter and longer than L, respectively; D is the diffusion constant in a disordered dot. If L l in a 2d dot, then its dimensionless conductance is g ∼ l/λ F . For a "ballistic" quantum doth/E T equals the time it takes for an electron to traverse the dot; conductance is obviously large in this case, g ∼ L/λ F .
If the conditions (i)-(iii) are met, then the Random Matrix Theory Hamiltonian [23] of non-interacting quasiparticlesĤ F is a good starting point for describing the dot,Ĥ
Elements H αγ of the Hermitian matrix in Eq. (8) belong to a Gaussian ensemble of random real (GOE) or complex (GUE) variables. The matrix elements do not depend on spin, and therefore each eigenvalue ξ n of the single-particle Hamiltonian represents a spin-degenerate orbital level. The spacings |ξ n+1 − ξ n | obey the Wigner-Dyson distribution [24] ; the average value of |ξ n+1 − ξ n | is δE. The two-particle interaction has the form
S616 L.I. Glazman Ann. Henri Poincaré with the matrix elements H αβγδ depending on the electron-electron interaction potential V ( r 1 − r 2 ) and on the chosen basis of orbital states φ α ,
It turns out [25, 26, 27, 28, 29] that the majority of these matrix elements are small if g 1, and only relatively few "most diagonal" elements remain finite in the limit g → ∞. In other words, the Hamiltonian (10) can be separated in two pieces:
The first term here is universal: it does not depend on the geometry of the dot, or on the realization of the disorder. The second term consists of several parts, each proportional to some power of 1/g; soĤ (1) int is small and sample-specific. The form of the universal part of the interaction Hamiltonian can be established from the symmetry requirement [30] . Indeed, in view of the invariance of the distribution function of the Random Matrix Hamiltonian with respect to an arbitrary orthogonal (for GOE) or unitary (in the case of GUE) transformation, the termĤ 
OperatorN is the total number of electrons,ˆ S is the total spin of the dot; the "superconducting pair" operatorT is needed for the description of the Cooper instability in grains of superconducting materials. Because of the pair-wise nature of interaction between the particles (9), the universal Hamiltonian is quadratic in terms of operatorsT ,ˆ S, andN :
Note that the first term in Eq. (13) is just the charging energy (1). The second term represents the exchange energy of a dot. As long as the dot is isolated from the leads, both its charge and spin are conserving quantities, because the corresponding operators commute with the non-interacting part (8) of the Hamiltonian. On the contrary, operatorT does not commute withĤ F , so an isolated dot in a ground state cannot have a non-zero average superconducting order parameter. The exchange integral J S is small in the case of weak electron-electron interaction: J S ∼ r s δE (there is an additional ln(1/r s ) factor in this estimate in the case of a 2d dot). Smallness of the ratio J S /δE guarantees the absence of a macroscopic (proportional to the volume of the dot) spin in the ground state, in accordance with the well-known Stoner criterion for the itinerant magnetism [31] .
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If all the orbital levels would be equidistant, then the spin of an even-electron state should be zero, while an odd-electron state should have spin 1/2. However, the level spacings |ξ n+1 −ξ n | are random. If the spacing between some orbital levels is accidentally small, the dot may acquire a spin [32] exceeding 1/2. In particular, a dot with an even number of electrons may have spin 1 in the ground state [33] . At small r s , higher spins may occur only if several levels come very close to each other, which is quite a rare event [34] . The third term in the Hamiltonian (13) is renormalized to zero in the case of repulsive interaction, i.e., J c /δE → 0 in a large (δE → 0) dot. For an attractive interaction, H ααγγ < 0, the renormalization enhances ∆ c , signaling the superconducting instability. In a large grain with δE significantly smaller than the superconducting gap ∆ in the bulk material, the introduced energy constant J c → −δE. The variation of J c with the decreasing size of the grain (i.e., with the increasing ratio δE/∆) was studied in Refs. [35, 36, 37] .
We will not discuss superconducting grains here, and set J c = 0 in the remainder of this paper. If one disregards also the rare configurations in which two orbital levels come very close to each other, then the higher spin states can be also thrown away. The result of these simplifications is the so-called Constant Interaction model,
which is widely used in the analysis of the experimental data. Note that the singleparticle level spacings |ξ n+1 − ξ n | ∼ δE here are small compared to the charging energy, and each state is spin-degenerate. The eigenfunctions ϕ n ( r) are random, and, in the leading order in 1/g, do not correlate with each other and satisfy the Porter-Thomas distribution [24] . The non-universal correction to the Hamiltonian (13) can be split in two terms,Ĥ
The leading term here,Ĥ
, comes from the joint effect of the interaction and of the electron confinement in dot [38] , this correction is proportional to 1/ √ g. The corresponding term inĤ (1) int depends also on the gate voltage N . In the simplest case of a distant gate, this term can be cast into the form [30] 
The average value of the random matrix elements X αβ is zero, while their variance is given by
Here b 1 ∼ 1 is a numerical coefficient which depends on the details of the potential confining the electrons [30, 38] . As one can see, the correction (15) causes some shifts of the single-particle energy levels described by Hamiltonian (14) int has the standard four-fermion structure,
Here the matrix elements H
(1/g) αβγδ have non-zero average values,
The amplitude of the mesoscopic fluctuations δH αβγδ of these matrix elements is of the order of their average [25, 26, 27, 28, 29] ,
Here the numerical constants b 2 ∼ 1 and b 3 ∼ 1 depend on the details of the dynamics of electron motion within the dot [25] . This part of the Hamiltonian determines the inelastic electron relaxation within the dot. Discussing electron transport through a quantum dot in the following sections, we will concentrate on the "conventional" case, described by the Constant Interaction model (14) .
Activationless Transport through a Blockaded Quantum Dot
According to the rate equations theory [11, 17] , at low temperatures, T E C , conduction through the dot in the Coulomb blockade valleys is exponentially suppressed. This suppression occurs because the process of electron transport through the dot involves a real state in which the charge of the dot differs by the oneelectron charge e from the thermodynamically most probable value. The thermodynamic probability of such a fluctuation is ∼ exp[−E C |N − N * |/T ], which explains the conductance suppression, see Eq. (2). Going beyond the lowest-order perturbation theory in conductances G 1 and G 2 allows one to consider processes in which the quantum states of the dot carrying a "wrong" charge participate only as virtual states in the tunneling process. Such higher-order contribution to the tunneling conductance was envisioned in the insightful paper of Giaever and Zeller [8] . The first quantitative theory of this effect, however, was developed much later [1, 39] . The leading contributions to the activationless transport, according to Refs. [1, 39] , are provided by the processes of inelastic and elastic co-tunneling.
Unlike the sequential tunneling, in the co-tunneling mechanism, the events of electron tunneling from one of the leads into the dot, and tunneling out from 
Inelastic Co-Tunneling
In the inelastic co-tunneling mechanism, the electron which enters the dot occupies one of the empty levels of spatial quantization, and the electron that leaves the dot, vacates one of the other levels of spatial quantization, see Fig. 5 . Therefore, the process of inelastic co-tunneling results in the transfer of charge e between the leads and by a simultaneous creation of an electron-hole pair in the dot. The amplitude of the co-tunneling process may be calculated by means of perturbation theory in the tunnel HamiltonianĤ T describing the electron transport between the dot and leads:
Here a † k and a † p are the creation operators describing electrons in the leads, and t kn , t pn are the tunneling matrix elements connecting state n in the dot with the states k and p in the two opposite leads. The typical values of these matrix elements can be related to the junctions conductances,
where ν 1,2 are the densities of states in the leads. For simplicity, we will illustrate here the estimate of the inelastic co-tunneling conductance deep in the Coulomb blockade valley, i.e., at almost integer N . Suppose the energy of the incoming electron ε, measured from the Fermi level, is confined by condition:
Then the energy deficit of the virtual state involved in the co-tunneling process is close to E C . The amplitude A in of the inelastic transition is
In such a transition, the initial state has an extra electron in the single-particle state k, and the final state has an extra electron in the opposite lead (state p) and an electron-hole pair in the dot (discrete state m is occupied, and state l is empty). The number of final states available at given initial energy ε can be estimated from the phase space argument, familiar from the calculation of the lifetime of a quasiparticle in the Fermi liquid [40] . If the initial electron energy ε δE, then the number of final states available is ∼ ε 2 /δE. Using this estimate and Eqs. (21), (23), we can find now, up to a numerical factor, the conductance for the inelastic process:
(The numerical constants here are fixed so that the final result coincides with the result of rigorous calculation [1] ). A comparison of G in with the result of the rate equations theory (2) shows that the inelastic co-tunneling takes over the thermally-activated hopping at moderately low temperatures
The smallest energy of the electron-hole pair is of the order of δE. At temperatures below that threshold the contribution of the inelastic co-tunneling mechanism to the conductance becomes exponentially small. It turns out, however, that even at much higher temperature this mechanism becomes less effective than the elastic co-tunneling.
Elastic Co-Tunneling. Mesoscopic Fluctuations of the Conductance in the Coulomb Blockade Valleys
In the process of elastic co-tunneling, an electron tunnels in and out of the dot to/from the same level of spatial quantization. Therefore, no electron-hole pairs are created in such a process: after the charge is transferred between the leads, the quantum dot remains in its initial state.
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Estimating the elastic co-tunneling contribution to the conductance we will consider the edge of a Coulomb-blockade valley,
This will allow us to account only for the hole-like contributions to the tunneling amplitude, see Fig. 6 . (The general case is qualitatively similar to this simplified one.) Each of these contributions A n utilizes one of the discrete levels as a virtual state for tunneling:
To derive the energy denominators here, we have utilized the Constant Interaction model (14); the quasiparticle energies are measured from the Fermi level. The total tunneling amplitude is the sum of the partial amplitudes A n . The elastic co-tunneling conductance can be calculated then as
If the junctions to the dot are point contacts, then G el exhibits strong mesoscopic fluctuations. Indeed, tunneling matrix elements entering Eq. (27) depend on the values of the electron wave functions at the points of contacts, t kn ∝ ϕ n ( r 1 ), t pn ∝ ϕ n ( r 2 ). As it was discussed in Section 3, the electron eigenfunctions in the dot ϕ n ( r i ) are random and uncorrelated. Therefore, the partial amplitudes
are random and uncorrelated as well, and A n = 0. Now it is clear that only diagonal terms (l = m) in the double-sum of Eq. (28) contribute to the average conductance G el . The sum of diagonal terms |A n | 2 is converging, and the characteristic number of terms contributing to it, ∼ E C |N − N * |/δE, is large under the conditions (26) . The resulting average contribution to the conductance is [1] 
(Here both the hole-like and electron-like contributions are taken into account.) Comparing Eq. (30) with Eq. (24), we see that near the bottom of the valleys the elastic co-tunneling dominates the electron transport already at temperatures (26), the hole-like processes dominate: first an electron is extracted from the dot[transition (1)], and then the resulting hole is filled by an electron from the other lead [transition (2)]. The special role of higher-order tunneling through the top-most filled level in the case of an odd number of electrons on the dot will be discussed in Section 5. which may exceed significantly the level spacing. All the off-diagonal terms (l = m) in Eq. (28) contribute to the mesoscopic fluctuations of the conductance. Given the random Gaussian behavior of the amplitudes (29) , it is obvious that the variance of the conductance δG 2 el is of the order of G el 2 . The exact relation [2] between these quantities
depends on the existence of the time reversal symmetry in the system. In zero magnetic field such symmetry is present, and the wave functions in the dot are described by the orthogonal statistical ensemble (GOE), β = 1. With the increase of the magnetic field, all states contributing to the elastic co-tunneling eventually cross over into the unitary ensemble (GUE), and β = 2. The structure of the electron wave functions in the dot, and the samplespecific value of δG el is affected by a relatively weak magnetic field B. An increase of the field from B to B + B corr results in scrambling of the wave functions; the corresponding random values δG el (B) and δG el (B + B corr ) become uncorrelated at a sufficiently large B corr . The characteristic field increment B corr needed for suppression of correlations, can be rigorously defined after the correlation function δG el (B 1 )δG el (B 2 ) is calculated [2] . Here we will give only an estimate of B corr for a disordered quantum dot, appealing to the semi-classical picture of electron motion.
The characteristic time τ the dot spends in the virtual state during the process of elastic co-tunneling is determined by the energy deficit of such a state,
During this time, the trajectory of the tunneling electron would cover an area ∼ Dτ , if there would be no boundaries of the dot (here D is the electron diffusion constant in the dot). Because of the finite linear size of the dot L, the trajectory winds inside it, approximately η = Dτ /L 2 times. The winding direction is random, therefore the effective area S eff under the electron trajectory is determined by the fluctuation of η; the typical value of this area is S eff ∼ L 2 √ η. Introducing here Thouless energy (7), we find
The electron wave functions which are important for the elastic co-tunneling vary substantially if the magnetic flux through the typical trajectory is increased by one quantum, B corr S eff ∼ Φ 0 . This relation yields:
Note that the correlation field depends on the gate voltage. It is increasing while the gate voltage is approaching the bottom of the valley. This can be understood as the result of the decrease of the time τ allowed for the virtual localization of an electron in the dot. The shorter this time, the stronger field should be applied in order to affect the phases of the partial tunneling amplitudes (29) . The fact that the number of discrete single-particle levels participating in the co-tunneling process is large, affects also the correlation of the conductance fluctuations in different valleys. Indeed, it is necessary to shift the gate voltage N by ∼ E C /δE in order to replace all the discrete eigenstates participating (as virtual states) in the elastic co-tunneling process. So one would expect [42] that the conductance fluctuations are correlated over about E C /δE valleys.
Equations (30) and (33) explain, why conductance G(N ) and correlation magnetic field B corr (N ) were observed [41] to vary with opposite phases when the gate voltage was varied. Later, the calculated [2] correlation function δG el (B 1 ) δG el (B 2 ) was used to extract the values of the correlation field from the data, and a quantitative agreement with Eq. (33) was found [43] . At the same time, the correlation of conductance fluctuations in different valleys was found to fall off substantially faster than the theoretical prediction.
Kondo Conductance of a Blockaded Quantum Dot
Among the E C |N − N * |/δE virtual states participating in the elastic co-tunneling through a blockaded dot, the top-most occupied discrete level plays a special role. If the number of electrons in the dot is odd, this level is filled by a single electron and therefore is spin-degenerate. The amplitude of an electron transfer through such a level, calculated in the fourth order in tunnel matrix elements t kn , t pn logarithmically diverges at low temperatures. This divergence signals the Kondo singularity [44] in the transmission amplitude.
If the junctions conductances are small, G 1,2 e 2 /h, then the other levels of the dot, which are doubly-filled or empty, are unimportant in the discussion of Kondo effect. The model of the dot attached to two leads then can be truncated to 
Here a † 1qσ , a † 2qσ , and a † 0σ are the electron creation operators in the leads 1 and 2, and on the upper occupied discrete level in the dot, respectively; ξ q and ε 0 = 2E C (N * − N ) are the corresponding energies in the electron continuum and on the dot; U ∼ E C . For brevity, the tunneling matrix elements t 1 and t 2 connecting the discrete state in the dot with the states in the leads are taken here to be q-independent; for the same reason, we consider here the "depth" of the localized state to be confined by the conditions: δE −ε 0 E C . At first sight, the Anderson model with two bands (34) may be associated with a two-channel Kondo model [46] . However, it is easy to show that in fact such a two-channel model is degenerate, and can be reduced to the conventional single-channel one. Indeed, by a unitary transformation
Hamiltonian (34) can be converted [4] to the conventional one-band Anderson impurity model [45] . The localized state and band "α" form the usual Anderson impurity model, which is characterized by three parameters: U , ε 0 , and Γ = Γ 1 +Γ 2 . Band "β" is entirely decoupled from the impurity. The unitary transformation (35) establishes the relation between the tunneling conductance G K associated with the spin-degenerate level ("Kondo conductance") in a quantum dot, and the known results for the t-matrix T s (ω) of the conventional Kondo problem in the sd exchange model:
T K is the characteristic temperature of the problem (Kondo temperature), and f (x) is some universal function (it has been evaluated numerically and plotted, e.g., in Ref. [48] ). A remarkable property of scattering on a Kondo impurity, is that the corresponding cross-section approaches the unitary limit at low energies, f (0) = 1. The low-temperature correction to the unitary limit is proportional to T 2 and described by Nozières' Fermi-liquid theory [49] . The conventional [40] representation of the low-temperature expansion of f (x),
yields one of the ways of defining the Kondo temperature. Being expressed [47] in terms of the parameters of the Anderson impurity model, T K is given, up to some unimportant pre-exponential factor, by the following relation:
Equations (36) and (37) tell us that upon sufficiently deep cooling, the gate voltage dependence of the conductance through a quantum dot should exhibit a drastic change. Instead of the "odd" valleys, which correspond to the intervals of gate voltage
plateaus in the function G(N ) develop, see Fig. 7a . In other words, the temperature dependence of the conductance in the "odd" valleys should be very different from the one in "even" valleys. The conductance decreases monotonously with the decrease of temperature down to T < ∼ T el , and then saturates at the value of G el in the even valleys. On the contrary, if the gate voltage is tuned to one of the intervals (39), the G(T ) dependence is non-monotonous. After the initial drop occurs with lowering the temperature in the interval
Ann. Henri Poincaré starts to increase again at T < ∼ T K , see Fig. 7b . Its T = 0 saturation value depends on the ratio of the partial level widths Γ 1 and Γ 2 of a particular discrete level; these widths are random quantities described by Porter-Thomas distribution, see Sections 2 and 3.
The experimental search for a tunable Kondo effect brought positive results [19] only recently. In retrospect it is clear, why such experiments were hard to perform. Let us express the Kondo temperature (38) in terms of the quantum dot parameters. Replacing the partial widths by their average values, we find:
The negative exponent in the above formula contains a product of two large parameters, E C /δE and e 2 /h(G 1 + G 2 ), leading to a strong suppression of T K . For a quantum dot device, it is also hard to see the conventional signature of the Kondo effect, which is the logarithmic temperature dependence of the conductance in the perturbative regime [50] , at temperatures significantly exceeding T K . The proper expansion of the function f (T /T K ) in Eq. (36) yields the temperature-dependent correction
As one can see from Eq. (41), the Kondo correction to the conductance remains particularly small compared to G el everywhere in the temperature region T > ∼ T K . To bring T K within the reach of a modern low-temperature experiment, one may try smaller quantum dots in order to decrease E C /δE; this route obviously has technological limitations. Another, complementary option is to increase the junction conductances, so that G 1,2 come close to 2e
2 /h, which is the maximal conductance of a single-mode quantum point contact. Junctions in the experiment [19] were tuned to G (0.3 − 0.5)e 2 /πh. A clear evidence for the Kondo effect was found at the gate voltages away from the very bottom of the odd-number valley, where N * − N is relatively small. Only in this domain of gate voltages the anomalous increase of conductance G(T ) with lowering the temperature T was clearly observed. (The unitary limit and saturation of G, indicating that T T K , were not reached even there.) At N = 2n + 1, where the Kondo temperature is the smallest, the anomalous temperature dependence of the conductance was hardly seen.
To increase the Kondo temperature, it is useful to make the junctions conductances larger. However, if G 1,2 come close to e 2 /πh, the discreteness of the number of electrons on the dot is almost completely washed out. This raises the question about the nature of the Kondo effect in the absence of charge quantization. The way charge quantization is destroyed at G 1,2 ∼ e 2 /πh depends on the detailed properties of the junctions. For the experimentally relevant case of a dot connected to leads by single-mode quantum point contacts, this problem Here C = 0.5772 . . . . is the Euler constant. Note, that in the case of weak reflection the exponent in the Kondo temperature is ∼ (E C /δE)|r 2 | 2 , and the large ratio E C /δE can be partially compensated by the smallness of |r| 2 . So, the spin of a quantum dot may remain quantized even if charge quantization is destroyed, and the average charge e N is not integer. This spin-charge separation is possible because charge and spin excitations of the dot are controlled by two very different energies: E C and δE, respectively. Kondo effect is distinguishable on the background of the elastic co-tunneling, as long as |r 2 | 2 > ∼ δE/E C , and, correspondingly, T K δE. Note, that similarly to the case of weak tunneling, the Kondo temperature (42) , and the conductance at T T K exhibits strong mesoscopic fluctuations which can be described with the help of the Random Matrix Theory.
Conclusion
We have discussed various regimes of electron transport through a blockaded dot weakly coupled to the leads, see Eq. (6). Transport is controlled by the sequential tunneling of electrons above temperature T in , see Eq. (25) . In the temperature interval T el ≤ T ≤ T in the main contribution to the conductance comes from the inelastic co-tunneling. Everywhere above the temperature T el , see Eq. (31), the mesoscopic fluctuations of the conductance δG are small compared to the average conductance G . Below that temperature, the electrons passing through the dot preserve the coherence; at T ≤ T el mesoscopic fluctuations are strong, δG ∼ G . If the dot carries a spin (i.e., if the number of electrons on the dot is odd), then Kondo effect should develop at sufficiently low temperatures. This results in a nonmonotonous temperature dependence of the conductance in the "odd" valleys of the Coulomb blockade, see Fig. 7 . The evolution of the conductance mechanisms with temperature is summarized in Fig. 8 .
In the weak tunneling regime, see Eq. (6), we are able to apply the perturbation theory in the junction conductances. Such an approach cannot be used in a consideration of an interesting and important for experiments regime of strong dotlead coupling (G i ∼ e 2 /πh). To treat this regime, one needs to develop methods allowing to simultaneously account for the Coulomb interaction (1) and tunneling (20) in a non-perturbative manner. Despite this difficulty, there is quite complete understanding by now of the most relevant case of a quantum dot connected to the leads by single-channel junctions. The special limit of the partially-open dot case, described by the conditions G 1 e 2 /πh, and e 2 /πh − G 2 e 2 /πh, allows for a straightforward generalization of the scheme of Fig. 8 . In that limit, no room is left for the thermally-activated transport: T in ∼ E C . The inelastic co-tunneling mechanism controls the electron transport at temperatures T el < ∼ T < ∼ E C ; proper results for the conductance G(T ) can be found in Ref. [52] . At T K < ∼ T < ∼ T el , elastic co-tunneling is the leading mechanism of conduction, δG ∼ G ; the detailed results for the conductance and its mesoscopic fluctuations can be found in Ref. [53] . At lower temperatures, the Kondo effect may develop. The condition for the Kondo effect to be distinguishable from the mesoscopic conductance fluctuations, is T K < ∼ δE. The Kondo effect is washed out if the conductance G 2 comes too close to e 2 /πh.
